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Abstract 

We show both in 1+1 and 3+1 dimensions that, contrary to the recent suggestions, the 
contribution of the fermion loop to the polarization tensor is manifestly transverse at finite 
temperature. Some subtleties associated with the Ward identities at finite temperature 
are also pointed out. 
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I. Introduction : 

Studies in finite temperture field theory have been of much interest in recent years 
from various points of view [1-3]. There are three distinct formahsms for carrying out 
calculations at finite temperature, namely, the imaginary time formalism [4], thermofield 
dynamics [5] and the closed time path formalism [6] . While the nature of a finite tempera- 
ture calculation, in each of these formalisms, is completely parallel to the zero temperature 
calculation, some of the resulting properties at finite temperature are quite distinct. For 
example, the analytic behavior of Feynman amplitudes at finite temperature is noticeably 
different from those at zero temperature [7-9], the infrared behavior at finite temperature 
is markedly more singular [10] and so on. As more and more studies are carried out, we 
will no doubt have a better understanding of the structure of quantum field theory at finite 
temperature. 

It is commonly believed that gauge invariance is not affected by temperature. The re- 
cent suggestion that Ward identities may be violated at finite temperature [11] is, therefore, 
quite surprising. More specifically, it was argued that the contribution of the fermion loop, 
at finite temperature, to the polarization tensor is not transverse with e-regularization [8] . 
We note that the physical component of the fermion propagator at finite temperature has 
the form 



Sip) = S^'\p) + S^^\p) 

= iii> + m){ \: + 2i7rnF{p)S(p'^ - m^) 

\p^ — + le 



where 



represents the fermion distribution function. (One can write this more covariantly by 
introducing the velocity of the heat bath, but we will ignore it in this initial discussion.) 
The temperature dependent contribution of the fermion loop 
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to the polarization tensor is, then, given by (D is the number of space-time dimensions) 
-m(fj (p) = e'l £^ Tr ^^,S(') (k + ph^S^^^ (k) + 7^5(^) (k + p^^S^'^ (k) 

+ ^^S^f^){k + ph,S^f'\k) 

/d^k 
[{k + p)^ck^ + {k + p)^k^-r]^^{k-{k + p) -m^)] (3) 



X 



d{k -m ) + —z r- d{{k + p) - m ) 



{k + p)"^ — m? + ie k"^ — w? + ie 

- 4'K'^nF{k)nF{k + p)S{k'^ - rn^)5{{k + pf - m^) 

The three terms in p^H^/^J {p) can now be easily seen to vanish individually due to the 
(5-function constraints and the symmetry of the respective integrands. It is, therefore, even 
more surprising that an explicit evaluation of the polarization tensor will be nontransverse 
considering that temperature dependent contributions are finite. 

In this paper, we report on a systematic study of the transverse nature of the fermion 
loop contribution to the polarization tensor at finite temperature. In sec. II, we recapit- 
ulate various known facts about distinct tensor structures at finite temperature. In sec. 
Ill, we show that in dimensions, the fermion bubble has a transverse tensor struc- 
ture which factors out of the integral. In sec. IV, we show that the integrand for the 
fermion bubble is manifestly transverse even in 3-1-1 dimensions. In sec. V, we point out 
some subtleties associated with the Ward identities at finite temperature and present our 
conclusions in sec. VI. 

II. Tensor Structures at Finite T : 

In this brief section, we collect all the known facts [12] about various tensor structures 
at finite temperature for completeness as well as for later use. We note that a covariant 



description, at finite temperature, involves the velocity of the heat bath, u^^, in addition to 
the available four momenta. Any vector can, of course, be decomposed into components 
parallel and perpendicular to as {u^ — u^u^ — 1) 



= (A ■ u)u'' 

= > = ^/^ - (A • u)u'' 
In particular, we note that for a given momentum p^, if we define 



(4) 



uj={p-u) (5) 
Then, the component of p'^ orthogonal to u'^ will be given by 

= p'^ - uu" (6) 

It follows from this that 

f = P^Pm =P^-o? (7) 

From Eq. (4), it is clear that the projection operator onto the space of vectors transverse 
to is given by 

= r^M^ - (8) 

Here 77^"^ is the metric and in our convention has the signature (+, — , — , — ). 

One can, of course, decompose any vector with respect to a given momentum p^^ as 
well. Thus, the component of a vector A^^, transverse to p^ is given by 

AT ^A^'-^ip- A)p^' (9) 



In particular, this gives 



ui' = u'' -^pi" (10) 



which is orthogonal to p^. Note, from Eq. (9), that the projection operator onto the space 
of vectors orthogonal to p^ is given by 

= T]^- - ^ (11) 

pA 



Given these, it is easy to check that at finite temperature, we can construct only three 
second rank, symmetric tensors from and u^^ which are orthogonal to p^^, namely. 



p^p"" 

p2 



= - (12) 

2 

Each of these structures is normalized so that they act like projection operators. In fact, 
they satisfy 



A^^^B.x = B\ A'^'^C^x = C\ Bi^^Cx = 

It is also easy to check that the three structures are not independent. In fact. 



(13) 



Af"" = B^''' + C^"" (14) 

and since B^^'^ and C*^ are orthogonal to each other, it is more useful to treat them as 
independent. Given this, then, one can write down the most general transverse polarization 
tensor at finite temperature to have the form 

njfj(p) = B,^ui,^\p) + c,Mi^\p) 

(15) 



At zero temperature, H^Cp) = ^Lip) and with the identity (14), we see that the po- 
larization tensor reduces to the usual structure. It is also easy to check from Eq. (15) 
that 

(D - 2)n?) = ry'^-n^, - nf 

where D is the number of space-time dimensions. We note that Eq. (16) does not yield 
any information on II^^'* when D = 2. 
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III. Polariation Tensor in 1+1 Dimensions : 

In this section, we study the contribution of the fermion bubble to the polarization 
tensor at finite temperature in 1+1 dimensions. From Eq. (3), we note that 

-injfj(p) = - — / d^k[{k + p)^K + {k + p)yk^ - r]^^{k -{k+p)- m^)] 



X 



'^Fik) ^,,2 2n , riF{k + p) 2 2> 



n ^9 9 - S{k'-m')+ : 6{{k+py-m') (17) 

{k + p)^-m^ + ie ^ ^ k^-m? + ie ' ^ ^ ' 

+ 2mnF{k)nF{k + p)5{k^ - m'^)6{{k + pf - m^) 
where the covariant fermion distribution function is given by 

^^(^) = eP\uM + 1 (18) 

The simplicity of 1+1 dimensions allows one to factor the tensor structure out of the 
integral. To see this, let us define 

0. = k ■ u Lu = p ■ u 

kf" = nu" - e'^'u^k' (19) 
p^' = Luu" - e'^'u^p' 

In our notation e^-*^ = 1 and k''^ = —k^. Substituting these new variables into Eq. (17) 
(The Jacobian can be easily checked to be unity.) and with some straightforward algebraic 
manipulations we find that the 5-function constraints as well as the symmetry properties 
of the integrals give 

-m^S (p) = -e^u^u, {21 + 7) (20) 
where, in 1+1 dimensions, we have 

u^ = Uij,-^ efj.yu'' (21) 

and 

CO J uj{uj + 2n) -p'ipf + 2k') + ie e^\^\ + 1 ^ ' 

7=-^ / d^dk\k\u^^)^^ik' ^^))-^^ ,,|./o| + 1 K^'-k--m-) (22) 
X 5((f] + a;)2 - (A;' + p')^ - ^^) 
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We note that the temperature dependent part of the polarization tensor is exphcitly 
transverse even before evaluating the integrals and, therefore, any prescription 
(e-regularization, modified Feynman parameterization etc.) for evaluating the integral 
cannot change this. Comparing with Eq. (15), we note that in this case, 

nf(p) = (23) 

If m = 0, then one can evaluate the integrals in Eq. (22) in a straightforward manner and 
show that 

Im / = 

(24) 

Re (27 + /) = 

so that for m = 

nP = 

(25) 

This is indeed consistent with what one knows about the Schwinger model [13 -15] where 
the temperature dependent corrections to the photon mass and the chiral anomaly vanish. 
When m ^ 0, however, n^-* does not vanish and gives the only temperature dependent 
correction to H^^J . In this case it is easy to see that Re U.^ (p) is nonanalytic at = 
much like the scalar theories. 

IV. Polarization Tensor in 3+1 Dimensions : 

The structure of the polarization tensor in 3+1 dimensions is still the same as in 1+1 
dimensions, namely. 



X 



1^F{k) J-., 2 2^ , npik + p) 2 2^ 



(/c+p)2 -m^ + ie ^ ^ k^-m^ + ie ' ' \ > 

+ 2i7rnF{k)nF{k + p)(5(P - w?)5{{k + pf - m^) 

However, in 3+1 dimensions, it is not possible to factor the tensor structure out of the 
integral [16]. 



To proceed in this case, therefore, we decompose vectors into components parallel and 
perpendicular to p^. Thus, let (This is different from Q, of the last section.) 

Q, — p ■ k u) — u ■ p 



(27) 



u^' = ^ p^ + 

pA 



It is clear that k is manifestly transverse to p^^. Substituting this back into Eq. (26) 
and using the (5-function constraint as well as the symmetry properties of the integrals, we 
obtain 



-in^^j(p) = - ^ / dVtdt'k 5{p ■ k) 



I , P^^PJ.M -r -r 



P^ 



X 



1 



t2 2 

TT^ — 7^ = — T + k — m 



+ 2z7r 



1 



1 



(28) 



—2 



X 6\^-;^ + k -m^ j5{p^ + 29) 
We note that the first tensor structure is nothing other than A 



B,j.i, + Cau and can 



be factored out of the integral. While the second structure cannot be factored out of 
the integral, we note that it is manifestly orthogonal to p^. Thus, independent of the 
prescription used to evaluate this, it can only lead to a linear combination of Bfj_^ and 
C/j,^. Thus, we see that the temperature dependent contribution of the fermion bubble 
to the polarization tensor continues to be manifestly transverse even in 3+1 dimensions. 
Contrary to the 1+1 dimensions, however, in the present case both U^r^^ and H^f ^ are a 
priori nonvanishing. 

V. Observations on Ward Identities : 

At zero temperature, the Ward identities of QED can be written in several equivalent 
ways. For example, if 



S^'\p) = 



^ — m + ie 

denotes the tree level fermion propagator at zero temperature, then 

^:|^ = -i5(o)(p)r(o)^(o)(p) 



(29) 



(30) 



where 

rjf) = -iei, (31) 

is the vertex at the tree level. The identity in Eq. (30) can be shown to hold order by- 
order so that to all orders one can write 

^ = -1 S(,)V,S(p) (32) 

where S{p) and T ^ represent the complete fermion propagator and the vertex of the theory. 
This is one form of the Ward identity and, in fact, is the form in which it was originally 
derived [17]. The integrated form of Eq. (32) which can also be derived from the BRS 
invar iance [18] of the theory is given by 

{p' - pYS{p')T^S{p) = e{S{p) - S{p')) (33) 

At zero temperature both the forms of the Ward identity are equivalent. 

At finite temperature, however, the propagators have a 2 x 2 matrix structure [5-6]. 
Thus, for example, the fermion propagator can be written as 

/S++{p) S+-{p)\ 



where at tree level, the components of the matrix have the form 

1 

p-^ — m-^ + ie 

S+-{p) = + m){-2me{-p^) + 2mnF{p))5{p^ - m^) 



5'++(p) = + m) ( 2 ' ■ - + 2i7rni7'(p)(5(p^ - m^) 



(35) 



S-+{p) = i{i> + m){-2md{p^) + 2mnF{p))5{p'^ - rr?) 

S — ip) = iN) + m)( ^ ^ + 2innF(p)S(p^ - m' 

\ p^ — + le 

The vertex at finite temperature also has a 2 x 2 matrix structure which at the tree level 
is given by 

T^ = -ie(^^ ° I (36) 

One can now check explicitly and show that the identity in Eq. (33) continues to hold 
even at finite temperature be it in terms of matrices. The identity in Eq. (30), however, 
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modifies at finite temperature (as can be checked explicitly from the tree level functions 
defined in Eqs. (35) and (36)) to 

dSip) 1 , , duFip) , ,,,2 2^ / I 1 



Sip)r,S{p) - 27r^^ {i> + m)6{p' - m^) ( J J ) (37) 



The additional term in Eq. (37), however, can be seen to vanish when multiplied by (ji — m) 
or S~^{p). Let us also note that the retarded and the advanced propagators defined as 

Snip) = S++{p) - S+_{p) 

(38) 

Sa{p) = S++{p) - S-+{p) 



on the other hand, can be seen to satisfy 

dSnip) 



-SRiph^Suip) 



dpi^ 

(39) 

^ = -S.{p),,SM 

without the extra term in Eq. (37). Thus, one should be careful at finite temperature in 
the use of the form of Ward identity. 

VI. Conclusion ; 

In this paper, we have systematically studied the transverse nature of the fermion 
bubble contribution to the polarization tensor at finite temperature. Contrary to the 
recent suggestions, we have shown that the polarization tensor is manifestly transverse. 
In 1+1 dimensions the transverse tensor structure factors out of the integral and yields 
a nonvanishing contribution only to when m ^ 0. In 3+1 dimensions, the tensor 
structure does not factor out of the integral, but is manifestly transverse. We have also 
pointed out some subtleties associated with the Ward identities at finite temperature. 
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by the U.S. Department of Energy Grant No. DE-FG-02-91ER40685. M.H. would like 
to thank the Fundagao de Amparo a Pesquisa do Estado de Sao Paulo for the financial 
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